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Using Majorana fermions and elementary mesons we find new massless quantum field theories with
weakly interacting ultraviolet fixed points. We also find new classes of large N equivalences amongst
SU , SO and Sp gauge theories with different types of matter fields and Yukawa interactions. Results
include a triality of asymptotically safe theories and dualities between asymptotically free matter-
gauge theories with identical fixed points, phase diagrams, and scaling exponents. Implications for
conformal field theory and orbifold reductions are indicated.
I. INTRODUCTION
Equivalences or dualities between seemingly different
theories can provide valuable insights into the dynamics
of quantum fields at weak and strong coupling. Well-
known examples include equivalences between SU , SO,
and Sp gauge theories in the limit where the rank of
the gauge group is large [1], electric-magnetic duality in
supersymmetric theories [2], the seminal AdS/CFT con-
jecture [3], or equivalences between theories related by
orbifold/orientifold projections [4–9] where parent and
child theories achieve coinciding perturbative expansions
in the planar limit, and, under some conditions, non-
perturbative equivalence [10, 11]. Large N equivalences
have also seen many applications in QCD-like theories
including on the lattice [12–14].
On a different tack, the discovery of interacting ultra-
violet fixed points in QCD-like theories, first conjectured
in [15], has sparked a lot of interest [16–30]. It has led to
a general classification of 4d quantum field theories in-
cluding necessary and sufficient conditions and strict no-
go theorems for weakly interacting fixed points [18, 27].
In the large N limit, proofs for asymptotic safety with
Dirac fermions are available with [25] and without su-
persymmetry [16, 22–24]. Key ingredients are Yukawa
interactions which can stabilise non-free gauge couplings
[18]. At finite N , these ideas are used to UV complete
the Standard Model [20, 26, 28] and to study aspects of
flavour and vacuum stability [29, 30].
In this paper, we explain how asymptotic safety mate-
rialises in theories with Majorana fermions and elemen-
tary mesons, and how this compares to settings with
Dirac fermions. With the help of perturbation theory,
the renormalisation group (RG), negative dimensionality
theorems, and ideas from string theory, we also put for-
ward new classes of large N equivalences amongst gauge-
Yukawa theories with different gauge or global symme-
tries, and different types of matter fields. Results include
a triality of asymptotically safe theories with SU , SO or
Sp gauge groups with identical phase diagrams and scal-
ing exponents at ultraviolet critical points, and dualities
between asymptotically free gauge-matter theories with
identical infrared critical points, and more.
II. MAJORANA FERMIONS
We consider non-abelian gauge theories coupled to
Majorana fermions Ψi and singlet complex scalar fields
Hij . Majorana fermions are their own charge conjugates
Ψc = Ψ whose left- and right-handed chiral components
Ψ =
1√
2
(ψ, ψc)
ᵀ (1)
relate to the same Weyl field ψ with charge conjuga-
tion ψc = εψ∗ and ε =
(
0 1
−1 0
)
. Real representa-
tions ensure that both Weyl components undergo iden-
tical gauge transformations, whose generators are purely
imaginary and antisymmetric ta = − (ta)ᵀ = − (ta)∗.
For theories with chiral Yukawa interactions the require-
ment for real representations can be weakened to include
pseudo-real ones which are real up to a transformation
(ta)
ᵀ
= −M taM−1. In either case chiral gauge anoma-
lies cancel due to the vanishing of
dabc ≡ 12Tr
[
ta
{
tb, tc
}]
= 0 . (2)
To ensure strict perturbative control, we use a suit-
able large N limit [31] which necessitates the Majorana
fermions to be in the fundamental representation. The
latter implies that unitary or any of the exceptional gauge
groups are excluded, which leaves us with orthogonal or
symplectic gauge groups.
Orthogonal gauge symmetry SO(N). We begin
with a theory of Nf Majorana fermions in the funda-
mental representation of an SO(N) gauge theory, inter-
acting with gauge-singlet complex scalar fields H. The
Invariant SU(N) SO(N) Sp(N)
dR N N N
CR2
1
2
(N − 1/N) 1
4
(N − 1) 1
4
(N + 1)
dG N
2 − 1 1
2
N(N − 1) 1
2
N(N + 1)
CG2 N
1
2
(N − 2) 1
2
(N + 2)
Table 1. Dimensions and quadratic Casimirs of fundamental
and adjoint representations with Dynkin index SR2 = 12 .
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v ϑ1 ϑ2 ϑ3 ϑ4 Type
FP1 − 875  0 0 0 16225 2 825  0 0 IR
FP2 5257 
8
19

2(
√
23−1)
19
 aUV  − 104171 2 5219  819
√
20 + 6
√
23  16
19
√
23  UV
FP3 − 103  − 43  1−2
√
3
3
 aIR 
20
9
2 −10  −8 (1 + 4
3
√
3
)1/2
 − 32√
3
 IR
Table 2. Interacting fixed points and scaling exponents to leading order in , with aUV = 219 [(20 + 6
√
23)1/2 − 2√23] and
aIR =
4
3
√
3− (1 + 4
3
√
3)1/2. The fixed points FP2 (FP1,3) are UV (IR) and physical for small positive (negative) , respectively.
theory has a global SU (Nf ) flavour symmetry with the
Weyl components transforming in the fundamental and
the scalars in the two-index symmetric representation
Hij = H(ij). The Lagrangian reads
L = − 14F aµνF aµν
+Tr
(
ψ† iσµDµ ψ
)
+ Tr
(
∂µH
†∂µH
)
− 1
2
yTr
(
ψᵀhHεψ + ψ†hH†εψ∗
)
−uTr (H†H)2 − v (TrH†H)2
(3)
where F aµν denotes the non-abelian field strength, the
trace sums over gauge and flavour indices, and gauge-
contractions of fermion bilinears (χ ξ) = χαhαβξβ are
symmetric with hαβ = hβα and hαβhβγ = δαγ . The four
canonically marginal couplings {g, y, u, v} of the pertur-
batively renormalisable theory are the gauge, Yukawa,
single, and double trace quartic, respectively.
Next, we investigate the renormalisation group equa-
tions for the running couplings [32–35] and search for
perturbative fixed points of the theory [18]. Perturbative
control is achieved using a Veneziano limit [31] where the
dimension of the fundamental representation dR and the
number of fermion flavours Nf are send to infinity while
their ratio is kept fixed (see Tab. 1 for our conventions
of group-theoretical parameters). The parameter
 =
Nf
N
− 11
2
(4)
becomes continuous and may take any value within the
range − 11
2
<  <∞. For  < 0, the theory is asymptoti-
cally free, while asymptotic freedom is absent for  > 0.
Following ’t Hooft [36], we introduce rescaled couplings
suitable for a planar or large N limit
αx =
dR x
2
(4pi)2
, αu =
Nf u
(4pi)2
, αv =
N2f v
(4pi)2
, (5)
where x = g or y, and beta functions βi ≡ dαi/d lnµ.
To the leading non-trivial orders in perturbation theory
which is two loop in the gauge and one loop in the Yukawa
and quartic beta functions, we find
βg = α
2
g
[
2
3 +
(
25
4 +
13
6 
)
αg − 12
(
11
2 + 
)2
αy
]
,
βy = αy
[(
13
2 + 
)
αy − 3αg
]
,
βu = 4α
2
u + 2αyαu −
(
11
2 + 
)
α2y ,
βv = 2α
2
v + 8αuαv + 6α
2
u + 2αyαv .
(6)
In any 4d quantum field theory, the weakly coupled fixed
point solutions to βi = 0 are either of the Banks-Zaks or
of the gauge-Yukawa type [18, 27]. For small  they arise
as a strict power series in  where subleading terms up to
order n are obtained from the loop order (n+ 1, n, n) in
the gauge, Yukawa, and quartic beta functions [23, 24].
Also, any weakly coupled fixed point corresponds to a
(unitary) conformal field theory [37].
Our results are summarised in Tab. 2. In the regime
with asymptotic freedom the theory (3) with (6) displays
a Banks-Zaks fixed point FP1. Infrared gauge-Yukawa
fixed points are absent. In the regime where asymptotic
freedom is lost, the gauge-Yukawa fixed point FP2 arises
with (α∗g, α∗y, α∗u, α∗u + α∗v) ≈ (0.91, 0.42, 0.40, 0.13)  and
a stable quantum vacuum [17, 38]
α∗u ≥ 0 , α∗u + α∗v ≥ 0 . (7)
A secondary fixed point in the scalar sector does not lead
to a stable vacuum and has been discarded. The universal
exponents ϑ1 < 0 < ϑ2,3,4 establish that the fixed point
is UV and the scaling power-law rather than logarith-
mic, and that the UV critical surface is one-dimensional
corresponding to a single relevant coupling.
The phase diagram with RG trajectories in the
(αg, αy)-plane is displayed in Fig. 1. Switching on mass
terms for the vector-like fermions or the scalars adds ad-
ditional relevant directions (not shown), because pertur-
batively small anomalous dimensions cannot turn these
Figure 1. Phase diagram with asymptotic safety ( = 0.01),
projected onto the (αg.αy) plane. Arrows point from the UV
to the IR. Asymptotically safe trajectories emanate from the
gauge-Yukawa fixed point FP2 and run along a separatrix
towards either a weakly or a strongly coupled IR regime.
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Figure 2. Cross-over of running couplings from asymptotic
safety to infrared freedom in units of α∗g with µc = Λ exp tc.
into irrelevant operators. By the same token, higher di-
mensional interactions remain strictly irrelevant [22].
The separatrix which connects the UV fixed point with
the free IR fixed point is shown in Fig. 2. The scale
µc = Λ exp tc with Λ the high scale and αg(tc) = 23α
∗
g
[17] characterises the cross-over between the two fixed
points and is the analogue of ΛQCD in QCD. A second
separatrix exists towards a regime with strong coupling
and confinement in the IR (not shown).
Finally, we note that all previously known quantum
field theories in four dimensions with exact asymp-
totic safety involve unitary gauge symmetry and Dirac
fermions [16, 23–25]. In this light, the theory (3) with
(6) offers the first proof of existence for asymptotic safety
in gauge theories with SO(N) gauge symmetry, and in
theories with Majorana fermions.
Symplectic gauge symmetry Sp(N). Next, we
turn to a theory of Nf Majorana fermions in the funda-
mental representation of an Sp(N) gauge theory inter-
acting with gauge-singlet complex scalar fields H. In our
conventions N is an even integer, and Sp(2) ' SO(3) '
SU(2). The theory has a global SU (Nf ) flavour sym-
metry with Weyl components transforming in the fun-
damental and H in the two-index antisymmetric repre-
sentation Hij = H[ij]. To avoid a Witten anomaly [39]
Nf has to be an even integer as well. The perturbatively
renormalisable Lagrangian of the theory takes the form
L = − 14F aµνF aµν
+Tr
(
ψ†iσµDµ ψ
)
+ Tr
(
∂µH
†∂µH
)
− 1
2
yTr
(
ψᵀf Hεψ + ψ†f H†εψ∗
)
−uTr (H†H)2 − v (TrH†H)2
(8)
where we recall that gauge-contractions of fermion bi-
linears (χ ξ) = χαfαβξβ are antisymmetric with fαβ =
−fβα and fαβfβγ = −δαγ .
A Veneziano limit is established using (4) and rescaled
couplings (5). Introducing the parameter  as in (4), we
find the RG beta functions for all couplings to the leading
non-trivial order in perturbation theory. Denoting the
‘t Hooft couplings (5) for the theories (3) and (8) as αSOi
and αSpi respectively, we find the remarkable result that
the RG beta functions (6) for the theory (3) agree exactly
with those of the theory (8), after the identification of
couplings
αSOi = α
Sp
i . (9)
Consequently the fixed points and scaling exponents
(FP1 and FP2 in Tab. 2), and the RG trajectories and
phase diagrams (Figs. 1 and 2) of the theories (3) and
(8) are identical in the Veneziano limit. However, we also
note that the equivalence is mildly violated beyond the
Veneziano limit at large yet finite N and Nf due to sub-
leading corrections of order 1/N and 1/Nf which arise
with the same magnitude but opposite sign.
Finally, we emphasise that the theory (8) yields the
first rigorous example for asymptotic safety in a sym-
plectic gauge theory coupled to matter. The result thus
establishes that asymptotic safety can be achieved in 4d
quantum field theories with any of the non-exceptional
gauge groups, and for sufficiently large N .
III. DIRAC FERMIONS
Next, we consider theories of Nf Dirac fermions Ψi in-
teracting with non-abelian gauge fields and gauge-singlet
complex scalar fields Hij . The theories have a global
SU(Nf ) × SU(Nf ) flavour symmetry with the elemen-
tary scalars H transforming in the bifundamental. The
perturbatively renormalisable Lagrangian is given by
L = − 14F aµνFµνa
+Tr
(
Ψ i /DΨ
)
+ Tr
(
∂µH
†∂µH
)
−yTr (ΨLHΨR + ΨRH†ΨL)
−uTr (H†H)2 − v (TrH†H)2
(10)
where F aµν denotes the non-abelian field strength, the
trace sums over all indices and the decomposition Ψ =
ΨL + ΨR with ΨL/R = 12 (1 ± γ5)Ψ is understood. Due
to the fermions being vector-like, gauge-anomalies cancel
by design and no restriction on their representations ap-
ply. In addition to the gauge coupling g and the Yukawa
coupling y, we observe two independent quartic self in-
teractions u and v, which provides us with a set of four
canonically marginal couplings {g, y, u, v}. In the follow-
ing, we consider the Dirac fermions in the fundamental
gauge representation of SU(N), SO(2N) and Sp(2N).
We also establish a Veneziano limit using the parameter
(4) and adopt the same set of ‘t Hooft couplings (5) as
in the cases with Majorana fermions.
Unitary gauge symmetry SU(N). For unitary
gauge groups, the theory (10) has been studied in a num-
ber of works [16, 17, 23, 40, 41]. In the regime with
asymptotic freedom, it can display a Banks-Zaks fixed
4point. Once asymptotic freedom is lost, it develops a
weakly interacting asymptotically safe UV fixed point
[16] with a stable quantum vacuum [17]. The correspond-
ing UV conformal window has been determined up to
the complete next-to-next-to-leading order in perturba-
tion theory which is three loop in the gauge and two loop
in the Yukawa and quartic couplings [23].
The main observation here is that the theory (10) with
SU gauge symmetry and Dirac fermions is intimately re-
lated to the theories (3) with SO and to (8) with Sp
gauge symmetry and Majoranas. Introducing the pa-
rameter  as in (4) and denoting the couplings (5) for the
theory (10) with unitary gauge symmetry as αSUi , we find
that beta functions in the Veneziano limit are identical to
those of the theories (3) and (8), given by (6), provided
we rescale the ‘t Hooft couplings by a factor of two,
αSOi = α
Sp
i = 2α
SU
i . (11)
Consequently fixed points are either of the Banks-Zaks
(FP1) or the gauge-Yukawa-type (FP2) and take the val-
ues given in Tab. 2 after rescaling. Phase diagrams and
RG trajectories in these theories are also identical up to
(11), and given by Figs. 1 and 2. Most notably, universal
scaling exponents, which are insensitive to the normalisa-
tion of couplings, are identical between the two theories,
and take the values given in Tab. 2.
SO(2N) gauge symmetry. Next, we consider set-
tings with Nf Dirac fermions in the fundamental repre-
sentation of SO(2N) gauge symmetry, again coupled to
scalars in the bifundamental two-index representation of
the global SU(Nf )×SU(Nf ) flavour symmetry, and with
action (10). Notice that since Dirac fermions have twice
as many degrees of freedom as Majorana fermions, and
to ensure that the definition for the small parameter  (4)
remains unchanged, the dimension of the gauge group has
been taken twice as large as in the case with SU gauge
symmetry. Then, to the leading order in perturbation
theory and in the Veneziano limit, we find
βg = α
2
g
[
2
3 +
(
25
4 +
13
6 
)
αg − 12
(
11
2 + 
)2
αy
]
,
βy = αy
[(
15
2 + 
)
αy − 3αg
]
,
βu = 8α
2
u + 4αyαu −
(
11
2 + 
)
α2y ,
βv = 4α
2
v + 16αuαv + 12α
2
u + 4αyαv
(12)
for models (10) with orthogonal gauge symmetry.
In stark contrast to the previous examples, no inter-
acting UV fixed points are found as soon as asymp-
totic freedom is absent [18]. However, the beta functions
(12) admit interacting fixed points provided the theory
is asymptotically free ( < 0). These are either of the
Banks-Zaks (FP1) or of the gauge-Yukawa-type (FP3),
with fixed point coordinates and scaling exponents sum-
marised in Tab. 2. The gauge-Yukawa fixed point FP3
at (α∗g, α∗y, α∗u, α∗u + α∗v) ≈ −(3.33, 1.33, 1.23, 0.58)  also
displays a stable quantum vacuum (7).
Figure 3. Phase diagram with asymptotic freedom ( =
−0.01) projected onto the (αg, αy) plane. Arrows point from
the UV to the IR. Dots show the Gaussian (G), the Banks-
Zaks (BZ), and the infrared gauge-Yukawa (GY) fixed points.
The inset highlights the two-dimensionality of the UV criti-
cal surface (red shaded area) which becomes effectively one-
dimensional in the cross-over to the IR.
The universal exponents 0 < ϑ1,2,3,4 establish that
the fixed point FP3 is fully attractive in all canonically
marginal couplings thus corresponding to an IR sink [20],
and that the scaling is power-law rather than logarith-
mic. The phase diagram in regimes with asymptotic
freedom is shown in Fig. 3. We notice that the Banks-
Zaks fixed point is parametrically small compared to
the gauge-Yukawa fixed point (see the inset in Fig. 3).
It implies that the UV critical surface at the Gaussian
fixed point, which is two-dimensional, effectively becomes
one-dimensional, given by the separatrix connecting the
Gaussian and the GY fixed point.
Sp(2N) gauge symmetry. Finally, we turn to the
models (10) with Nf Dirac fermions in the fundamen-
tal of Sp(2N) gauge symmetry, coupled to scalars in
the bifundamental two-index representation of the global
SU(Nf ) × SU(Nf ) flavour symmetry. Using (4), intro-
ducing couplings as in (5), and following the same steps
as before, we find once more that the beta functions in
the Veneziano limit come out identical to those found in
(12) after a straight identification of couplings (9). It fol-
lows that the running of couplings, the phase diagrams,
and the conformal critical points of theories (10) are iden-
tical, irrespective of whether we impose an orthogonal or
symplectic gauge symmetry.
IV. LARGE N EQUIVALENCES
In this section, we investigate the kinematical equiva-
lences detected in the previous sections from the point of
view of weak-coupling dualities and orbifold projections,
and discuss implications for asymptotic safety.
5SU(N)
Dirac  i
mesons Hij
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SO(2N)
Majorana  i
mesons H(ij)
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Sp(2N)
Majorana  i
mesons H[ij]
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Figure 4. Triality of asymptotic safety, and large N equiv-
alences amongst matter-gauge theories with global SU(2Nf )
flavour symmetry and Majorana fermions (top), and a theory
with a global SU(Nf )×SU(Nf ) flavour symmetry and Dirac
fermions (bottom). The horizontal arrow emphasises that RG
flows, phase diagrams, and critical points are identical. Top-
down arrows indicate equivalence after orbifold reduction.
Negative dimensionality theorems. Some of our
results can be understood with the help of so-called nega-
tive dimensionality theorems [42–46]. They state that for
any SO(L) invariant scalar there exists a corresponding
Sp(L) invariant scalar, and vice versa, obtained by ex-
changing symmetrisations and antisymmetrisations, re-
placing the SO(L) symmetric bilinear invariant hαβ by
the Sp(L) antisymmetric bilinear invariant fαβ , and re-
placing L by −L. Similarly, for any SU(M) invariant
scalar exchanging symmetrisations and antisymmetrisa-
tions is equivalent to replacingM by −M . Schematically,
we write the theorems as
SO (L) = Sp (−L) , SU (M) = SU (−M) , (13)
where overlines indicate the transposition of Young
tableaux for all representations, corresponding precisely
to the interchange of symmetrisation and antisymmetri-
sation [42–46].
Symplectic vs orthogonal gauge groups. Let us
now clarify how the negative dimensionality theorems im-
pact on our models. On the level of the local symmetries
in the models with Majorana fermions (3), (8), the rela-
tions (13) interchange orthogonal and symplectic gauge
theories. When applied to the global SU(Nf ) symmetry
the transposition of global representations accounts for
the different symmetrisations of the scalars, interchang-
ing H(ij) with H[ij], and all of this accompanied by the
analytic continuation of field multiplicities towards neg-
ative values
N 7→ −N , Nf 7→ −Nf . (14)
Fingerprints of the negative dimensionality theorems (13)
can be seen on the level of the renormalisation group
equations. For theories with Majorana fermions, we have
confirmed at the leading orders in perturbation theory
that the beta functions for the gauge, Yukawa and quar-
tic couplings of the theory (3) are identical to the beta
functions of the theory (8) for any N and Nf , provided
Figure 5. Duality of conformal fixed points, and large N
equivalences of matter-gauge theories with global SU(Nf ) ×
SU(Nf ) flavour symmetry.
we make the replacement (14) in the later together with
{g2, y2, u, v} 7→ {−g2,−y2,−u, v}. This implies that the
gauge, Yukawa, and the single and double trace quartic
‘t Hooft couplings
{N g2, N y2, Nf u, N2f v} (15)
are strictly invariant and remain positive even within the
theory which has negative N and Nf , as they must [47].
For pure quantum gauge theories the invariance of N g2
under (13) is explained in [43]. Moreover, we have also
confirmed that the exact same equivalence holds true for
beta functions and running couplings in theories with
Dirac fermions (10) coupled to orthogonal or symplectic
gauge fields. In summary, we conclude that the nega-
tive dimensionality theorems manifest themselves in the
quantum theory through the equivalence of ‘t Hooft cou-
plings and their beta functions for any N and any Nf .
We expect this equivalence to hold true to any order in
the perturbative loop expansion.
For positive N and Nf , the large N equivalence of the
theories (3) and (8), and of the theories (10) with either
SO or Sp gauge symmetry, is now simple to understand,
the key point being that the explicit dependence of beta
functions on field multiplicities arises, in the Veneziano
limit, only through the parameter  given in (4). Since 
is insensitive to the combined sign change (14), the map-
ping of negative field multiplicities in the partner theory
back to positive ones leaves all beta functions for ‘t Hooft
couplings (15) invariant. The price to pay (for having
positive field multiplicities on either side of the duality)
is that the equivalence holds only in the large N limit. In
fact, in either theory the subleading corrections start at
order 1/N and 1/Nf and enter with the same magnitude
but opposite signs (once more owing to the negative di-
mensionality theorems) thus breaking the duality beyond
large N . This pattern explains the equivalence of beta
functions for ‘t Hooft couplings as well as the structure
of subleading corrections found in the previous sections,
and illustrated in Figs. 4 and 5.
There are two further points worth noting with regards
to large N equivalences. First, counting the number of
gauge fields, Weyl fermions, and real scalar fields in ei-
ther of these, we find that dual theories have the ex-
act same number of degrees of freedom (see Model 1 vs
Model 2, and Model 4 vs Model 5 in Tab. 3). This no
longer holds true beyond large N . Second, we also em-
phasize that dual theories described here, in all cases,
6Model Lagrangian Gaugesymmetry
Global
symmetry
Gauge
bosons
Fermion
type
Weyl
components Scalars
Real scalar
components
1 Eq. (3) SO(2N) SU(2Nf ) 2N2 Majorana 2N · 2Nf H(ij) 4N2f
2 Eq. (8) Sp(2N) SU(2Nf ) 2N2 Majorana 2N · 2Nf H[ij] 4N2f
3 Eq. (10) SU(N) SU(Nf )× SU(Nf ) N2 Dirac N · 2Nf Hij 2N2f
4 Eq. (10) SO(2N) SU(Nf )× SU(Nf ) 2N2 Dirac 2N · 2Nf Hij 2N2f
5 Eq. (10) Sp(2N) SU(Nf )× SU(Nf ) 2N2 Dirac 2N · 2Nf Hij 2N2f
Table 3. Gauge, fermionic, and scalar degrees of freedom in the Veneziano limit of models discussed in the main text.
have the same global symmetry but different gauge sym-
metry. This supports the view that global symmetry is
a property of the system, whereas gauge symmetry is a
property of the description of the system [48].
Unitary gauge groups. For the theories with Dirac
fermions (10) and SU gauge symmetry we confirm that
beta functions for ‘t Hooft couplings are mapped onto
themselves under the replacement (13), (14), valid for
all N . Moreover, subleading corrections in the large N
limit arise as inverse even powers of field multiplicities
1/N2 and 1/N2f and are insensitive to a change in sign
(14), meaning that the theory is effectively self-dual and
mapped onto itself for any N , Nf , as it must. The re-
sult generalises to SU gauge theories with matter sectors
different from (10).
Orbifold equivalence. We now turn to the equiva-
lence of theories between Dirac fermions coupled to uni-
tary gauge fields, and Majorana fermions coupled to or-
thogonal or symplectic gauge fields, illustrated in Fig. 4.
Theories have different global symmetries, and those with
Dirac fermions contain exactly half as many gauge, Weyl,
and scalar degrees of freedom as those with Majorana
fermions in the Veneziano limit (see Models 1 and 2 vs
Model 3 in Tab. 3). Still, after the identification of cou-
plings via the map (11), all three theories have identical
beta functions, phase diagrams, conformal fixed points,
and scaling exponents. This pattern suggests that the
theories are related by orbifolding.
Orbifold projections in quantum field theory link a par-
ent theory to a child theory with the help of a discrete
subgroup of the parent’s global symmetry [5–10, 12, 13]
(see [11, 14] for reviews). "Orbifolding" eliminates those
degrees of freedom from the parent theory which are
not invariant under the discrete subgroup, leading to the
child theory. At the perturbative level, orbifold equiva-
lence is based on the observation that planar diagrams of
the parent and child theories coincide to all loop orders,
possibly up to a rescaling of couplings, and that correla-
tion functions of gauge-invariant operators obey the same
set of closed equations [5]. In has also been shown that
the equivalence of theories holds non-perturbatively as
long as the global symmetry used for the orbifolding is
not broken spontaneously [12].
In the setting illustrated in Fig. 4, the Majorana mod-
els (3) and (8) with SO(2N) or Sp(2N) gauge symmetry
and SU (2Nf ) global symmetry represent parent theo-
ries. Then, using a suitable Z2 symmetry in the gauge
and flavour groups [13] leads in both cases to the child
theory (10) with Dirac fermions, SU(N) gauge symme-
try, and SU (Nf )×SU (Nf ) global symmetry [49]. In the
Veneziano limit, the orbifold equivalence between parent
and child theories is exact, explaining the links observed
in Fig. 4. The factor of two which appears in the rescal-
ing (11) reflects that the parent theories contain twice as
many gauge, Weyl, and scalar degrees of freedom as the
child theory, see Tab. 3.
In the literature, some orbifold/orientifold reductions
have been reported which relate supersymmetric with
non-supersymmetric theories [9, 11]. On the account
that asymptotic safety in supersymmetry necessitates the
gauge group to be semi-simple [25, 50], however, we do
not expect to find a supersymmetric parent for the non-
supersymmetric theories with weakly coupled ultraviolet
fixed points and simple gauge group studied here.
Dirac vs Majorana fermions. Another important
observation of this study is that SO and Sp gauge theo-
ries with Majorana fermions and elementary mesons can
develop asymptotically safe UV fixed points while their
counterparts with Dirac fermions cannot. To appreci-
ate the origin for this we write the leading loop con-
tributions to the gauge and Yukawa beta functions as
∂tαg = α
2
g(−B+Cαg−Dαy) and ∂tαy = αy(Eαy−Fαg)
with C,D and B,E, F denoting universal two-loop and
one-loop coefficients respectively. A necessary condition
for weakly interacting UV fixed points is given by [18]
C ′ ≡ C −DF/E < 0 . (16)
A generic asymptotically non-free theory (B < 0) has
loop coefficients C,D,E, F > 0 [18], implying C ′ ≤ C.
The condition (16) states that asymptotic safety requires
the (Yukawa-shifted) two loop term to become negative,
C ′ < 0. In all theories with exact asymptotic safety
(meaning FP2 in Tab. 2) we find the universal shift
C ′/C = − 38
325
, (17)
assuming small 0 <   1. Hence, the Yukawa interac-
tions roughly induce a −112% correction to the two-loop
gauge coefficient, which is large enough to change the
sign of C and to enable asymptotic safety.
7Replacing Majorana by Dirac fermions in the theories
with SO or Sp gauge symmetry effectively changes the
scalar matter content. In fact, adjusting N and Nf such
that theories display the same number of gauge fields
and Weyl fermions, we find that the settings with Dirac
fermions only feature half as many scalar degrees of free-
dom (see Models 1 and 2 vs Models 4 and 5 in Tab. 3).
Although scalars are gauge singlets, they propagate in
loops and modify the Yukawa loop coefficient E which
is proportional to the number of degrees of freedom [51].
Here, the coefficient E|Majorana ∼ 2Nf+2N reduces down
to E|Dirac ∼ Nf + 2N and gives the first term in βy of
(6) and (12), respectively, after ‘t Hooft normalisation.
With all other coefficients untouched, we find
C ′/C =
4
125
(18)
instead of (17). This corresponds to a −97% correction
of the two-loop gauge coefficient C, which is narrowly
too small to change the overall sign of C. The result (18)
explains why models with Dirac fermions and SO or Sp
gauge symmetry may display interacting infrared fixed
points, but cannot develop interacting ultraviolet ones,
much unlike their counterparts with Majoranas.
As a final remark, we note that the ratio (18) also
dictates the ratio of gauge couplings at the Banks-Zaks
fixed point compared to the gauge-Yukawa fixed point in
asymptotically free SO and Sp gauge theories with Dirac
fermions (10). There, we found that αBZg /αGYg |∗ = C ′/C
provided that 0 < − 1 (see FP1 and FP3 in Tab. 2).
Hence, the parametric smallness of the ratio of fixed point
couplings, as observed in Fig. 3, can now be attributed
to the "near-miss" of asymptotic safety due to (18).
V. DISCUSSION AND CONCLUSIONS
As a proof of principle, we have established that
asymptotic safety arises in matter-gauge theories with
Majorana fermions, and in theories with SO and Sp
gauge symmetry (3), (8). Together with the earlier dis-
covery of asymptotic safety with Dirac fermions in SU
gauge theories (10), our results clarify that interacting
ultraviolet fixed points can readily be realised for either
type of fermions and for any of the classical gauge groups.
Intriguingly though, SU gauge symmetry does require
fermions to be Dirac, whereas SO, Sp gauge symmetry
does require fermions to be Majorana.
We have also put forward new classes of large N
equivalences between seemingly different gauge-matter
theories. Equivalences between pure SU , SO and Sp
gauge theories in the planar limit have been known for
a long time. Here, we have explained how equivalences
arise amongst theories with different local symmetries,
different matter content, and, possibly, different global
symmetries. Invariably, they imply identical all-order
RG flows, phase diagrams, and conformal critical points
(Tab. 2). Examples (Tab. 3) include a triality of asymp-
totic safety (Figs. 1 and 4) or dualities amongst theories
with identical infrared critical points (Figs. 3 and 5).
Based on the underlying structure, many more large N
equivalences arise in gauge theories with matter and
Yukawa interactions, also offering new directions for orb-
ifold reductions [11, 49].
Finally, we note that our theories, at interacting fixed
points, correspond to unitary conformal field theories.
This link allows the extraction of conformal data such
as scaling dimensions [16, 23–25] or structure coefficients
[52] directly from the renormalisation group [53], and in a
manner complementary to the conformal bootstrap [54].
It will be interesting to see whether the equivalences dis-
covered here (Figs. 4 and 5) extend to all conformal data.
This is left for future work.
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